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Roy R. Craig Jr.
University of Texas at Austin, Austin, Texas
and
Zhenhau Ni
Xian Jiatong University, Xian, Shaanxi Province, China

Based on a component mode synthesis approach, a model-order-reduction method for linear structures with
arbitrary linear damping has been developed. Projéctior_l matrices are introduced to make the method applicable
to systems having rigid-body freedom. To test the method, eigenvalues of a reduced-order model of a free-free
beam with nonproportional damping were compared to exact eigenvalues and to eigenvalues obtained using two
other model-reduction strategies. The present model-reduction strategy proved to be decidedly superior.
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Introduction

UCCESSFUL application of feedback control to flexible
structures requires that the model order be as small as
possible while remaining consistent with model accuracy re-
quirements. This paper presents a model-order-reduction
strategy based on component mode synthesis (CMS), extend-
ing the well-known CMS techniques to structures having non-
classical damping. A number of CMS, or substructure cou-
pling, methods for dynamic analysis of structures have been
developed,! but there is very little literature on the topic of
CMS applied to damped structures. The usual approach is to
assume ‘‘proportional damping,’’ or to assume that the struc-
ture is lightly damped, to use CMS to model a reduced associ-
ated undamped system, and to supplement the reduced system
with assumed modal damping. However, these approaches are
invalid for structures that are subjected to Coriolis forces,
direct velocity feedback control forces, or other forces that
lead to nonproportional damping.
In recent years, several papers on the application of CMS
methods to nonclassically damped structures have appeared.

In Ref. 2, Chung and Craig developed a first-order formula-
tion leading to complex component modes and proposed a
procedure for forming a type of attachment mode to represent
the component modes not kept explicitly as Ritz vectors. Hale
adopted real trial vectors to reduce each substructure, and
developed a procedure for increasing accuracy by iteratively
generating improved substructure trial state vectors.3 Beliveau
and Soucy, in Ref. 4, extended the Craig-Bampton method? to
damped systems with symmetric substructure matrices by re-
placing the real fixed-interface normal modes by the corre-
sponding complex modes. The coupling procedure presented
by Hasselman and Kaplan® is another extrapolation of the
Craig-Bampton method, which employs complex component
modes. Using variational principles, Howsman and Craig’?
developed a consistent state-space formulation that employs a
truncated set of free-interface component modes along with a
set of attachment modes. '

This paper presents a new free-interface method of compo-
nent mode synthesis for structures with rigid-body freedom
and with arbitrary linear damping. A complex mode equiva-
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Fig. 1 A beam-including component with redundant boundary.

lent of residual flexibility is first developed, and then state-
variable residual inertia-relief attachment modes are defined
and are employed, along with a set of complex modes (eigen-
vectors), in a component coupling procedure. The results of an
example problem demonstrate that the component synthesis
approach presented here leads to far greater accuracy of eigen-
values of the reduced system than heretofore achieved by pre-
vious methods.

Component Equations in State-Variable Form

Figure 1 shows a beam divided into substructures, or com-
ponents. The interface, or boundary, coordinates that a com-
ponent shares with adjacent components are labeled B, while
the remaining coordinates are labeled 7 (iriterior). The bound-
ary coordinates may be further subdivided into R (rigid-body)
and E (excess or redundant) subsets.

The equation of motion for a typical free-interface compo-
nent of a damped structure may be written

mi+ck+kx=f ¢))

where m, ¢, and k are the (n X n) mass, damping, and stiffness
matrices, respectively. There is no assumption that the ma-
trices in Eq. (1) are symmetric, although m and k will normally
be symmetric. However, if the component has rigid-body free-
dom, k will be singular.

Where necessary, Eq. (1) will be expanded into (7,b) parti-
tions or (i,e,r) partitions in accordance with the notation of
Fig. 1. In this paper it will be assumed that there are no
external forces acting on the structure, so the only forces ex-
erted on a component act on the boundary, and f has the form

o;
[
b

As in Refs. 7-9, external forces could be added in a straight-
forward manner.

Equation (1) can be expanded to 2n-order state-space form
as follows:

AX +BX=F ©)

where

A=[; T]’“[_om ﬂ“[ﬂ“m @

A and B will be referred to as the state mass matrix and the
state stiffness matrix, respectively, and X will be called the
state displacement vector.

Using a variational approach, Howsman and Craig’® have
shown that, corresponding to Eq. (3), there is an adjoint dif-
ferential equatlon

—ATY + BTY = F* ®)

where the adjoint state displacement vector ¥ and adjoint state
force vector F* are given by

Gl e
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If m, ¢, and k are all symmetric, the system is self-adjoint, and
Eq. (5) is not needed. The adjoint equation plays a significant
role in the theory developed in this paper.

Let A, ¢, and ¥ be an eigenvalue, right eigenvector, and left
eigenvector, respectively. Then, the right eigenproblem is ob-
tained by substituting X = ¢e™ into Eq. (3) (with F = 0), and
the left eigenproblem is obtained by substituting ¥ = e~
into Eq. (5) (with F* = 0). Thus,

MA +B)p; =0 i=1,2,..,2n ]

and

MNAT+HBTY; =0 i=1,2,..2n )

Let the complex spectrum matrix be denoted by A. (A will be
diagonal, with the 2n elgenvalues A; on the principal diagonal.
Exceptions in which the eigensystem is defective and A has
Jordan form include systems with rigid-body modes. Such
cases will be discussed in a subsequent paper. In the remainder
of this paper, with the exception of the example problem, it
will be assumed that A is diagonal, i.e., the system is nondefec-
tive.) Further, let the right complex mode matrix, whose
columns are the right eigenvectors, be denoted by &, and the
left complex mode matrix, whose columns are the left eigen-
vectors, be denoted by ¥. Then Egs. (7) and (8) may be written
in the form

Bd=—-A®A ©)
¥IB = —A¥A (10)

Premultiplication of Eq. (9) by ¥7 and postmultiplication of
Eq. (10) by & yields :

VB = —WTAPA = —AVTAD 11
or
B=—AA=-AA (12)
where
=¥TA%, B=¥"Bd (13)

Except for rows and columns that correspond to repeated
roots N;, both A and B will be diagonal due to the following
biorthogonality relationships:

YiAg; =0,

YWiBé; =0  N#EN (14)

Projection Matrix for Undamped Systems

To set the stage for the development of reduced-order com-
ponent equations for damped structures, several key concepts
from CMS theory for undamped components will be reviewed
briefly. More details are given in Refs. 1 and 10.

For structures with rigid-body freedom, a projection matrix
P can be defined that has the following properties:

1) When a force vector fis premultiplied by the projection
matrix P, a selfequilibrated force vector is created, whereby f
is equilibrated by rigid-body inertia forces.

2) When a displacement vector x is premultiplied by P7, the
rigid-body components of motion are removed from x leaving
only the flexible components of x.

The projection matrix for undamped systems is given by

P=1—nidpu;'df 15)

where &, is the (n X n,) matrix of rigid-body modes, u7! the
inverse of ®7m®,, and n, the number of rigid- body freedoms
of the structure.

The projection matrix for undamped systems is employed in
defining an elastic flexibility matrix and in defining inertia-re-
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lief attachment modes. For structures with rigid-body free-
dom, the stiffness matrix k is singular and has the rank
(n — n,). Therefore, k cannot be inverted to obtain a flexibility
matrix. However, an elastic flexibility matrix (pseudoinverse
of k) can be defined as

Gy = ®;A;'®F = PTGP (16)

where ®; is the n X (n — n,) matrix of flexible undamped
modes, and Ay the (n —n,) X (n — n,) diagonal matrix of
nonzero eigenvalues. The flexibility matrix G is obtained by
inverting the stiffness matrix for the structure when it is sup-
ported at n, freedoms.

The projection matrix P and elastic flexibility matrix Gy are
employed in the procedure for defining so-called inertia-relief
attachment modes. These modes were originally introduced by
MacNeal!! and were later used by Rubin'? and by Craig and
Chang.!® Let f, be defined by the n X n, matrix

o
fo= [ ,bb] an

Then, a set of n; inertia-relief attachment modes based on unit
forces at the boundary freedoms may be defined by

®, = G, as)

In this paper, the concept of the projection matrix is ex-
tended to structures with general linear damping and is em-
ployed in defining inertia-relief attachment modes for damped
structures.

Projection Matrix for Damped Substructures

In order to develop substructure (component) Ritz vectors
for damped systems in a manner similar to that employed for
undamped systems in Ref. 10, the equations of motion in state
variable form will be employed. Projection matrices will be
defined and then will be used in defining attachment modes for
damped components.

The right complex mode matrix ® and the left complex mode
matrix ¥ may be partitioned in the following manner:

e=[8,%] ¥=[¥,%)] 19

where subscripts r and f denote the rigid-body mode partition
and the flexible complex mode partition, respectively. Then
Eq. (13) can be expanded to give

¥ A4, 0
[W;T}A[‘Pr &= [ 0 A ff] (20)

where

A, =VIA®, Ay=VIA% @1
If there are no repeated eigenvalues, Ay is a diagonal matrix.
However, A,, will not necessarily ever be diagonal. An equa-
tion for B similar to Eq. (20) gives

B, =VIB®,, By=¥/B¥ (22)
1t follows from Eq. (20) that
AZ'¥TA
-1
1= [Af}‘\lffTA 3)
and
A 1=0,A4. 9T + A VT (24)

For dargped systems, a right projection matrix P is defined
such that if a state displacement vector X is premultiplied by

MODEL ORDER REDUCTION 579

P7, the rigid-body modes will be removed from the vector. It
follows from this definition that

PT[&,2/] = [0&] @5)

Postmultiplying Eq. (25) by ®~! and combining the result with
Eq. (21) yields

PT=[08,][®&]' = &A5' ¥IA (26)

Finally, Eq. (26) may be substituted into Eq. (24) to obtain an
alternative expression for P7, namely

PT=I-®A4;'VIA @n

In a similar manner, a left projection matrix Q may be
defined such that

QT ¥ 1=[0%,] 28
Then QT will be of the following form
Q7 =¥ A5 8JAT 29
or, equivalently,
Q=1-4%4;'¥] (30)

The complex spectrum matrix A in Egs. (9) and (10) can be
partitioned into rigid-body and elastic partitions as

Arr 0 Orr 0
A=l o Ag|"|0 ag GDn
since A,, is null. (There are special cases where A,, is not null
but, rather, has Jordan form. However, as noted earlier, this
paper considers only the nondefective case, for which A,, will

be null.) Substitution of Egs. (31) and (19) into Eqgs. (9) and
(10) gives

0, O
B[®, & = —A[‘I>,‘I>f][ 0 Aff] 32)

v, 0, O ¥,
[‘I’Hh_[o Aff][‘I’HA @3

From these last two equations the following four equations
may be deduced: .

and

B&®; = —AdA,
¥IB = —Ay¥TA (34)

B®. =0,
- ¥'B =90,

The following relationships can be shown to hold for the pro-
jection matrices P and Q and their transposes:

PTPT = PT, PP=P
QTQ" =07, 20=0
QOB =B, BPT=B
QA = APT (35)

In Egs. (25) and (28), PT and QT where defined such that
they nullified rigid-body modes. Thus, if X is expressed as a
superposition of right eigenvectors by

X =&, + Py (36)
Then

PTX =®m;=X — X, (37
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That is, premultiplication of an arbitrary state displacement
vector X by PT removes the rigid-body component of X.

If the force F in Eq. (3) is premultiplied by Q, the following
result is obtained:

OF = Q(AX + BX)
=QAX + QBX = APTX + BX
=AX -X,)+BX =F - AX,

- [?] - [:z ﬂ [i] - [f—;lxmicx] 38)

Thus, it is seen in the lower portion of the state-space form of
QF that the applied force is equilibrated by the inertia and
damping forces resulting from the rigid-body motion of the
structure. :

The projection matrices P and Q not will be used to define
analogs of the elastic flexibility matrix, Eq. (16), and inertia-
relief attachment modes, Eq. (18), for damped systems.

Inertia-Relief Attachment Modes for Damped Systems

In component mode synthesis, it is common practice (e.g.,
see Ref. 10) to use as Ritz vectors a subset of the component’s
normal modes (eigenvectors) together with some static modes
that account for the flexibility of the modes that are not re-
tained. This leads to the concepts of residual flexibility and
residual attachment modes, which will now be generalized to
damped systems.

In this section, the projection matrices introduced in the
previous section will be employed to define state inertia-relief
attachment modes and a state elastic flexibility matrix. Thén
state residual inertia-relief attachment modes will be defined
and an explanation of the physical significance of the general-
ized coordinates associated with these residual modes will be
given. '

To define the attachment modes, first let F, be the (2n X ny)
matrix of state forces with unit forces applied at each
boundary coordinate. That is,

[ Oie Ozr_
Oxb oee Oer
Obb Ore Or’
Fﬂ = sese —3 sane wees (39)
Olb Oie Oxr
I bb Iee Oer
Lore I rr |

Then, let &, be the matrix of static state displacement vectors
of a component loaded by QF, and supported on a user-
defined r set of boundary freedoms that provide restraint
against rigid-body motion. Let a pseudoflexibility matrix D
be defined by

—m~! 0 0 0

D= 0 P ki ket O (40)
0 kei kee 0
0 0 0 0

where it is assumed that m is nonsingular. Then, &, is given by

&, = DQF, @
To remove the rigid-body modes from &,, Eq. (41) may be
premultiplied by P7, leading to the following definition of
right state inertia-relief attachment modes:

&, = PTDQF, 42)
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or
&, = DF, 43)
where
D;=P'DQ (44)

Dy will be referred to as the state elastic flexibility matrix. Dy
can also be expressed in the form

Dy = &B5' V] (45)

In order to extend the concepts of residual flexibility and
residual attachment modes to damped systems, let the elastic
complex mode sets be partitioned into kept (preserved) modes
and deleted (higher) modes as follows:

o, =[P, 94, V= [¥, ¥,] (46)

Then,
B:! 0 27
Df=[d>p'1>h][ * __l][ ﬂ
0 BulL¥;

=D, + D, (C))
where

D, =%,B,,'¥], Dy, = ,Bj ¥}, )

From Egs. (44), (47), and (48), the following expression for D,
may be obtained:

D, =PTDQ — &,B,! ¥I 49)
D, is referred to as the state residual elastic flexibility matrix.

It may be used, together with Eq. (43), to define a right state
residual inertia-relief attachment mode matrix

@, = D,F, (50)

&, can be written in a more explicit form if &,, ®,, and ¥, are
first written in expanded form as

o ®, ¥,
&by @5 v,
®, = , ), = s ¥, = 1)
@5 &5 vp
7 7 5,

where V and D refer to the velocity and displacement parti-
tions of the state vectors. Then, from Egs. (39), (48), (50), and
(1),

@y = &Bjs VIF, = &Biu (Y5)T (52

The displacement boundary partition of ®,, which will be
required later, is given by

@y = 5B (Yon)” (53)

Thus, $5,is just the boundary displacement partition of the
matrix D, of Egs. (48) and (49), namely

&5y = (Dn)BP (54
From Egs. (7) and (8) it is noted that BT has the same
relationship to the left eigenvector that B has to the right

eigenvector. By analogy, a left state residual inertia-relief at-
tachment mode matrix ¥, is defined by

¥, = DJF, (55)
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It can be shown that
Yy =V, B Y (@57 (56
whose boundary displacement partition is given by
VP, = V5, (B ) (®5)T (57
By comparing Eqs. (53) and (57), it is seen that

5y = @) (58

If m, ¢, and k are all symmetric, A,B, D, Dy, &5, and ¥}, are
all symmetric. Furthermore, ¥ =® and Q = P.

The state-vector of physical coordinates X of Eq. (3) may be
represented in terms of component generalized coordinates by
the coordinate transformation

U

X=%XU= [%%][ k] (59)
U,

where it is now assumed that the rigid-body modes @, and a

subset &, of the matrix of elastic complex modes are both

included in &, and where ®, is given by Eq. (50). Let

H = [\I’k‘l,d] (60)

where it is assumed that ¥, also includes rigid-body modes as
well as a subset of elastic left eigenvectors, and where ¥, is
given by Eq. (55). Then, Eq. (3) may be transformed (reduced)
to generalized coordinates as follows:

IZAZU + OTBLU = II7F 61

From Eqgs. (48) and (50) it is seen that each column in ®,is a
linear combination of the columns of ®,, and from Eq. (56) it
is seen that each column of ¥, is a linear combination of the
columns of ¥,. It follows from the biorthogonality equation,
Eq. (14), that

‘Akk o
MI7AL = _
0 Aw
= d (62)
mrpr = | % °
0 By
where
Ay =Y[AY,, Agg =VYiAY,
By = ¥{B%;, By =VIB%, (63)

It can be shown further that 4, and B,,; have the forms
Agg = S[AL N (Y 5T
By = ¥ (64)

If I in Eq. (60) is partitioned as

A4 74
¥ ¥,
= [V, ¥,] = - (65)
¥R vl
Y5 Vi

and F represents forces applied only at the boundary, so that
0

F=10 (66)
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then II7 F has the form

¥2)
17F = [ (\I,Z" 1]fb 67)

Now Eq. (61) may be written in the form

A 0 U, By O U, )
[ 0 Add] [Ud] +[ 0 de] [ d] [(\IID 1]fb (68)

Incorporation of Egs. (58) and (64) into the lower partition of
Eq. (68) gives

A Uy + 85 Uy =¥ fr 69

If the response U, is approximated by the pseudostatic re-
sponse obtained by setting U, = 0, then Eq. (69) gives

®5u(Us = f5) =0 70)

But, since ®Z; is nonsingular, the pseudostatic approximation..
of Uy is seen to be just the boundary force vector, i.e.,

Us =1 an

An analogous result for undamped systems was first developed
by Craig and Chang in Ref. 13 in conjunction with their Ritz
derivation of Rubin’s method (see also Sec. 19.5 of Ref. 10).

Coupling of Damped Components

The component coupling procedure described next parallels
the procedure employed for undamped systems in Refs. 1, 2,
and 10. However, it also incorporates significant features first
derived for damped systems by Howsman and Craig using a
variational approach.”-8

Let the damped system under consideration be composed of
two components, « and 3, which have a common interface, as
shown in Fig. 2.

The physical displacements at the interface are subject to a
compatibility equation

xg =x§ 72)

References 7 and 8 indicate that Eq. (72) implies an adjoint
compatibility equation

g =yk (73)

where y is defined in Eq. (6).
The interface forces are related by

r+fE=0 74
and the corresponding adjoint force equilibrium equation is
Jo+ 1t = 735

Equation (59) and a similar adjoint equation can be written
for each component. That is,

_U,‘:_
Xo= Toeye = [$¢ 9] (76a)
Ug
[ vg
Yo = II*Ve = [¥§ V9] (76b)
Vi
L |
X8 =3YBUS, Y8 =TIFV# (76¢)

where, again, % and ¥§ include rigid-body modes as well as
the kept complex flexible modes.
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Reduced state equations of the form of Eg. (68) can be
written for both components and ‘‘stacked’’ together to form

A% 0 0 0 Uy
0 43 0 0 Ug
0 0 A% o Ug
0 0 o A% |US
By 0 0. 0O U¢ V7734
0 By 0 O Uz T
+ =
o o0 B o] |Ug — (¥
0 0 0 BY| |US \ 74 an

where Eq. (74) has ben employed to express JF in terms of f3.
In condensed form, Eq. (77) may be written as

Ay Us + BU; = RT:fg (78)

Because of the constraint equations (72-75), the coordinates
U and the corresponding adjoint coordinates ¥ are not sets of
independent coordinates. Equations (72-75) may be combined
with Eqs. (71), (76), and the adjoint equivalent of Eq. (71) to
give the following constraint equations

U
P @py - —off| (U 0
= (792)
o Iy 0 I, U 0
| Ué]
143
vhe Wiy -—WPE PR | V& 0
= (79b)
0o Iy 0 18, Ve 0
K
Let
Ug 143
Z= ,. o W= (80)
Ug Ve

be the vectors of independent generalized coordinates. Then,
from Egs. (79) and (80), the transformations relating the de-
pendent coordinate sets Us and V to the independent coordi-
nate sets Z and W are

U, = 8Z, V,=TW 81
where
I 0 I 0
[—a,3001 [a,257) [—a,¥5¢1 [a,¥P1
0 I 0 I
la,25e1 [—a,@hF) lay¥5e1 [—ay¥ef]
(82)
where
ap=(9F +OBf17, @ =[¥RF+YRIITT (83)

Equation (78) may now be condensed to a set of (7, + nyg)
equations in Z by substituting Eq. (81) into Eq. (78) and pre-
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Fig.2 Components and coupled system.
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Fig. 3 Free free beam components and system.

multiplying the resulting equation by 7'7. This gives the final
reduced system equation of motion

A, Z+BZ=0 , (84)
where
A, =TTAS
[A% + (¥ Tadhi] [— (¥ TapE]
= . 85)
[— (¥PE)Tafp] [Af; + (TP TadFF]
and
. = TTB,S
(B + (¥5) b ¥5] [ (¥5) D BPE]
= _ 86)
(- (¥ o5 (B + (¥ DAY b &RF]
where
a = aflA3; + ASla,
b =a[[B3s + Blala, (87

The term on the right-hand side of Eq. (78) vanishes when the
equation is premultiplied by T'7 since TTR” = 0.

Equation (84) is the final reduced system equation of mo-
tion. The original displacements can be recovered from U by
using the transformation of Egs. (76) and (81). Thus,

X, = -TZ (88)
Xg

(@2 — ®7°a,®5¢] CAR 73
T, = (89)
[27%a,®5¢] [#7* — 27°a,®5f ]

Example Problem

In order to compare the current CMS model-reduction
method with those proposed in Ref. 8, example 2 of Ref. 8 was
chosen as a test problem. This example is a free-free beam with
22 physical degrees of freedom (DOF) (44 elements in the state
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vector). The beam is divided into two components, « and 3, as
shown,; and the damping is taken to be proportional to the
element stiffness as indicated on Fig. 3. Note that the damping
is proportional to the stiffness at the element level, but it is not
proportional to stiffness either at the component level or the
system level.

The method of the present paper differs from Ref. 8 both
with regard to the definition of attachment modes and to the
compatibility equations used in the coupling analysis. Three
cases are presented. In cases 1 and 2, the attachment modes
defined in Ref. 8 are employed, while case 3 uses the attach-
ment modes defined in this paper. The component modes are
summarized in Table 1.

In cases 1 and 2, both displacement and velocity compatibil-
ity at the interface were enforced, resulting in a reduced eigen-
problem of order 28 for these two cases. In case 3, the physical
displacement compatibility at the interface and the constraint
equation based on Eqgs. (71) and (74) were enforced, which also
gives a 28-DOF reduced system model.

Table 2a presents a comparison of the modal damping coef-
ficients, o;, of the three cases with the exact damping coeffi-
cients of the 44-DOF original problem, and Table 2b provides

Table 1 Listing of component modes used in test cases

DOF Cases
a 8 1 2 3
4 4 Rigid-body modes?
6X2 4x2 Pairs of elastic complex modes

Generalized Restrained Residual

2 2 inertia-relief substructure inertia-relief
attachment attachment attachment

modes® modes® modes [Eq. (50)]
18 14 <=TOTAL

*In this example problem each component has a pair of regular rigid-body modes
and a pair of corresponding generalized rigid-body modes since the damping is
proportional to stiffness on an element-by-element basis. Cases such as this,
where generalized eigenvectors and the Jordan form of A are required, are
discussed at greater length in a subsequent paper.'*
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a comparison of the damped natural frequencies, w4, where g;
and wg, are the real and imaginary parts of the complex eigen-
values, i.e., -

N = 0; +jug, (90)

Eigenvalues of the rigid-body modes are not included in the
tables. i

It can be seen from Tables 2a and 2b that both the real part
and the imaginary part of the eigenvalues of the reduced-order
model created by the procedure presented in this paper (case 3)
are, in general, an order of magnitude more accurate than the
eigenvalues obtained in Ref. 8 (cases 1 and 2).

Computational Considerations

As noted in Eqgs. (49), (50), and (55), both left and right
complex eigenvectors of the components are required in form-
ing the state residual inertia-relief attachment modes. These
enter into the formation of the final reduced system matrices
A and B, in Eq. (84), which are complex matrices. Therefore,
it is necessary that a complex eigensolver be employed.

However, it should be pointed out that not all matrix com-
putations need be carried out in complex form. The state-
vector rigid-body modes ®, and ¥, are real. Thus, matrices
suchas A,,, P, Q, D, and Dyare all real matrices. Furthermore,
when & and m are symmetric (as is generally the case) &, and
¥, will be identical. It is interesting to note in the test problem
that although each matrix in Eq. (48) is complex, the final
flexibility matrix D), is real. Therefore, the state residual elastic
flexibility matrix Dy, the residual inertia-relief attachment
mode matrices &, and ¥4, and other matrices such as &2, Aga,
By, ay, ay, 4, b, etc., are all real. Thus, the number of storage
locations and computations may be greatly reduced.

Conclusions
A component mode synthesis procedure for structures with
arbitrary linear damping has been presented. Projection ma-
trices are defined that permit the method to be employed when

Table 2a Comparison of exact and approximate system modal damping coefficients for test problem

Case 3

Mode Exact Case 1 Case 2

order o o Error, % o Error, % 4 Error, %%
1 —0.47268E -3 ~0.490E -3 3.692 —0.474E -3 0.251 —0.47268E — 3 0.00076
2 —0.31164E —2 ~0.318E—-2 2.145 —0.312E—-2 0.176 —0.31165E—2 0.00266
3 —0.10885E—1 —0.110E~-1 0.993 —0.109E—1 0.186 —0.10885E—1 0.00352
4 —0.29957E —1 —~0.314E—-1 4,712 —0.302E—1 0.943 ~0.29970E—1 0.0442
5 —0.67127E—-1 —0.673E—1 0.267 —0.673E—1 0.211 —0.67133E~1 0.00889
6 —0.13117E0 —0.138E0 5.307 —0.135E0 2.660 —0.13142E0 0.187
7 —0.23999E0 —0.251E0 4.464 —-0.247E0 3.005 —0.24050E0 0.214
8 —0.39527E0 —0.407E0 2.885 ~0.405E0 2.415 —~0.39658E0 0.332
9 —0.62119E0 ~0.749E0 20.64 —0.732E0 17.87 —0.63006E0 1.428
10 —0.10944E + 1 —0.112E+1 2.233 —~0.112E+1 2.266 —0.11062E + 1 1.073

Only model damping coefficients corresponding to flexible complex modes are included in this table. Values of ¢; for cases 1 and 2 from Ref. 8 have only three significant
digits. All g; are the real part of one of a paif of complex conjugate system eigenvalues.

Table 2b Comparison of exact and approximate system damped natural frequencies for test problem

Mode Exact

Case 1 Case 2 Case 3
order wd wd Error, % wd Error, % 2% Error, %
1 0.22374E0 0.224E0 —0.001 0.224E0 0.006 0.22374E0 0.00028
2 0.61688E0Q 0.617E0 0.015 0.617E0 0.021 0.61688E0 0.00122
3 0.12101E+1 0.121E+1 0.027 0.121E+1 0.039 0.12101E+1 0.00243
4 0.20032E + 1 0.201E+1 0.338 0.201E+1 0.345 0.20037E +1 0.0243
5 0.30002E +1 0.300E+1 0.021 0.300E + 1 0.052 0.30003E + 1 0.00532
6 0.42069E + 1 0.426E + 1 1.226 0.426E + 1 1.241 0.42113E+ 1 0.105
7 0.56300E + 1 0.570E+1 1.248 0.570E +1 1.283 0.56361E + 1 0.108
8 0.72698E + 1 0.735E+1 - 1.102 0.735E+1 1.150 0.72835E+1 0.188
9 0.90249E + 1 0.972E+1 7.674 0.972E+1 7.692 0.90886E + 1 0.705
10 0.11965E+2 0.121E+2 0.928 0.121E+2 1.038 0.12035E +2 0.588

Only damped natural frequencies corresponding to flexible complex modes are included in this table. Values of w; for cases 1 and 2 from Ref. 8 have only three significant
digits. All wg, are the imaginary part of one of a pair of complex conjugate system eigenvalues.
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components have rigid-body freedom. Residual inertia-relief
attachment modes in state-variable form, which acount for the
flexibility of the complex modes not retained explicitly in the
model, are defined. Results of a single numerical problem
indicate that the method proposed in this paper produces re-
duced-order models having very accurate system eigenvalues.

Although the test problem described in this paper is nonclas-
sically damped, the mass, stiffness, and damping matrices of
this problem are all symmetric. The procedure now needs to be
tested on more general systems, and convergence studies need
to be conducted.

Acknowledgments

The research described in this paper was supported, in part,
by NASA Contract NAS9-17254 with the Lyndon B. Johnson
Space Center. The interest of Mr. David Hamilton is gratefully
acknowledged. The authors also express their sincere appreci-
ation to Mr. H. M. Kim for reviewing the paper, offering
many helpful suggestions, and preparing the final LaTeX
manuscript.

References

ICraig, R. R., ““A Review of Time-Domain and Frequency-Domain
Component Mode Synthiesis,”” Combined Experimental and Analyti-
cal Modeling of Dynamic Structural Systems, AMD, Vol. 67, Ameri-
can Society of Mechanical Engineers, New York, 1985, pp. 1-30; also,
International Journal of Analytical and Experimental Modal Analy-
szs, Vol. 2, April 1987, pp. 59-72.

Chung, Y. T. and Craig, R. R., ‘“‘State Vector Formulation of
Substructure Coupling for Damped Systems,”” Proceedings of the
AIAA/ASME/ASCE/AHS 24th Structures, Structural Dynamics,
and Materials Conference, AIAA, New York, May 1983, pp. 520-528.

Hale, A. L., ““Substrucure Synthesis and Its Iterative Improvement
for Large Nonconservative Vibratory Systems,”” AI4AA4 Journal, Vol.
22, Feb. 1984, pp. 265-272.

J. GUIDANCE

4Beliveau, J.-G. and Soucy, Y., “Damping Synthesis Using Com-
plex Substructure Modes and a Hermitian System Representation,’
Proceedings of the AIAA/ASME/ASCE/AHS 26th Structures,
Structural Dynamics, and Materzals Conference, AIAA, New York,
1985, pp. 581-586.

5Craxg, R. R. and Bampton, M. C. C., “Coupling of Substructures
for Dynamic Analysis,”” AIAA Journal Vol. 6, July 1968, pp.
1313-1319. ‘

SHasselman, T. K. and Kaplan, A., “Dynamic Analysis of Large
Systems by Complex Mode Synthesis,”” Journal of Dynamic Systems,
Measurement, and Control, Vol. 96, Series G, Sept. 1974, pp.
327-333.

"Howsman, T. G. and Craig, R. R., “A Substructure Coupling
Procedure Applicable to General Linear Time-Invariant Dynamic
Systems,’’ Proceedings of the AIAA/ASME/ASCE/AHS 25th
Structures, Structural Dynamics, and Materials Conference, AIAA,
New York, 1984, pp. 164-171. .

8Howsman, T. G. and Craig, R. R., “A Substructure Coupling
Procedure Applicable to General Linear Time-Invariant Dynamiic Sys-
tems,’’ Center for Aeronautical Research, Bureau of Engineering Re-
search, University of Texas at Austin, TX, Rept. CAR84-1, May 1984.

9Allen, J. J. and Martinez, D. R., “Forced Structural Response
Using Component Mode Synthesis,’’ Sandia National Laboratories,
Albuquerque NM, Rept. SAND83-1866, March 1985.
Cralg, R. R., Structural Dynamics—An Introduction to Com-
puter Methods, Wlley, New York, 1981, Chap. 19.

IIMacNeal, R. H., “A Hybrid Method of Component Mode Syn-
thesis,”” Journal of Computers and Structures, Vol. 1, Dec. 1971, pp.
581-601.

2Rubin, S., “Improved Component-Mode Representation for
Structural Dynamic Analysis,”” AIAA Journal, Vol. 13, Aug. 1975,
pp. 995-1006.

BCraig, R. R, and Chang, C.-J., ““On the Use of Attachment
Modes in Substructure Coupling for Dynamic Analysis,”” Proceedings
of the AIAA/ASME/ASCE/AHS 18th Structures, Structural Dynam-
ics, and Materials Conference, Vol. B, AIAA, New York, 1977, pp.
89-99.

4Craig, R. R., Ju, T.-J., and Ni, Z, ‘‘State Variable Models of
Structure Having Right-Body Modes,’’ Journal of Guidance, Control,
and Dynamics (submitted for publication).



